In this paper, we prove that * -A(n) operator is normaloid and obtain that if T is an algebraically * -A(n) operator, then T has SV EP and T is polaroid. As an application we show that if T or T * is an algebraically * -A(n) operator, then Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )).
Introduction
Throughout this paper we write T for a bounded linear operator on complex Hilbert space H, we denote the set of all complex numbers by C, and henceforth shorten T − λI to T − λ, where λ ∈ C.
One of recent trends in operator theory is to study natural extensions of hyponormal operators. Recall [6, 7] that T is hyponormal if T * T ≥ T T * , class * -A if |T 2 | ≥ |T * | 2 where |T | = (T * T ) 1/2 , * -paranormal if ||T 2 x|| ≥ ||T * x|| 2 for all unit vectors x, respectively. T is normaloid if ||T || = r(T ), where r(T ) is the spectral radius of T . Now we introduce * -A(n) operator and algebraically * -A(n) operator, respectively.
Main results
Firstly, we show that * -A(1) and * -A(2) operator are independent. Consider unilateral weighted shift operators as an infinite dimensional Hilbert space operator. Given a bounded sequence of positive numbers α : α 1 , α 2 , α 3 , . . . (called weights), the unilateral weighted shift W α associated with α is the operator on l 2 defined by W α e n = α n e n+1 for all n ≥ 1, where {e n } ∞ n=1 is the canonical orthonormal basis for l 2 . It is well known that W α is hyponormal if and only if α is monotonically increasing. Straightforward calculations show that W α is * -A(n) if and only if
Example 2.1. A non-hyponormal, non- * -A(1) and * -A(2) operator.
Let T be a unilateral weighted shift operator with weighted sequence (α i ), given α 1 = 2, α 2 = 1/4, α 3 = 4, α 4 = 16, α 4 = α 5 = α 6 = · · · Simple calculations show that T is * -A(2), but T is non-hyponormal and non- * -A(1). Example 2.2. A non- * -A(2) and * -A(1) operator.
Let T be a unilateral weighted shift operator with weighted sequence (α i ), given
Proof. Suppose that T is a * -A(n) operator, i.e.,
Then, for every x ∈ H,
Now assume that||T k || = ||T || k for some k ≥ 1 (which holds autologically for k = 1). Then
and hence
So that we have
and Therefore,
i.e., T is normaloid.
Theorem 2.2. If T is a * -A(n) operator and M is its invariant subspace, then the restriction T | M is also a * -A(n) operator.
Proof. Let E be the orthogonal projection onto M. We can represent T as the following 2 × 2 operator matrix with respect to the decomposition M ⊕ M ⊥ ,
Since T is a * -A(n) operator, we have
which implies that A is a * -A(n) operator, i.e., T | M is a * -A(n) operator.
and P be the orthogonal projection of H onto M . Now it suffices to show that A = 0 in ( ). Since T is a * -A(n) operator, we have
Observing that
Thus A = 0.
T ∈ B(H) has the single valued extension property(abbrev.
Proof. If T is a * -A(n) operator, then T − λ has finite ascent for every complex number λ from Theorem 2.3, which implies T has SV EP . Now suppose that T is an algebraically * -A(n) operator, we have p(T ) is a * -A(n) operator for some nonconstant complex polynomial p, and hence it follows from the first part of the proof that p(T ) has SV EP . Therefore T has SV EP by [10, Theorem 3.3.9].
As a simple consequence of the preceding result, we obtain Corollary 2.5. If T is an algebraically * -A(n) operator, then the following assertions hold: (i) σ ea (f (T )) = f (σ ea (T )) for every f ∈ H(σ(T )), where H(σ(T )) is the space of functions analytic on an open neighborhood of σ(T ).
(ii) T obeys a-Browder's theorem, that is σ ea (T ) = σ ab (T ), where σ ab (T ) := ∩{σ a (T + K) : T K = KT and K is a compact operator}. (iii) a-Browder's theorem holds for f (T ) for every f ∈ H(σ(T )).
Proof. Note that T has SV EP , Corollary 2.5 follows by [2] . Theorem 2.6. If S is an operator quasi-similar to an algebraically * -A(n) operator, then S has SV EP .
Proof. Let T be an algebraically * -A(n) operator. Since S is an operator quasisimilar to T , there exists an injective operator A with dense range such that AS = T A. Let U be any open set and f : U → H be any analytic function such that (S − λ)f (λ) = 0 for all λ ∈ U , we have A(S − λ) = (T − λ)A for all λ ∈ U , and hence A(S − λ)f (λ) = (T − λ)Af (λ) = 0 for all λ ∈ U . Since T has SV EP , we have Af (λ) = 0 for all λ ∈ U , so that f (λ) = 0 for all λ ∈ U . Therefore, S has SV EP . Theorem 2.7. If T is a * -A(n) operator with spectrum σ(T ) ⊆ ∂D, where D denotes the unite disc, then T is unitary.
Proof. Since T is * -A(n) operator, T is normaloid, T is a contraction (||T || ≤ 1), it follows that T has a unique direct sum decomposition T = T u ⊕T c , where T u is unitary and T c is a completely non-unitary contraction. Suppose that T has a non-trivial completely non-unitary part T c , then T c is normaloid and σ(T c ) ⊆ {λ : |λ| = r(T c ) = 1}. Choose a λ ∈ σ(T c ); replacing T c by Recall that an operator T is said to be isoloid if every isolated point of σ(T ) is an eigenvalue of T and polaroid if every isolated point of σ(T ) is a pole of the resolvent of T . In general, if T is polaroid then it is isoloid. However, the converse is not true. Therefore T is polaroid. Next, we show that every algebraically * -A(n) operator is polaroid. If T is an algebraically * -A(n) operator, then p(T ) is * -A(n) operator for some nonconstant polynomial p. Hence it follows from the first part of the proof that p(T ) is polaroid. Now apply [5, Lemma 3.3] to conclude that p(T ) polaroid implies T polaroid.
Theorem 2.9. If T or T * is an algebraically * -A(n) operator, then Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )).
Proof. Suppose that T is an algebraically * -A(n) operator. Then T has SV EP by Theorem 2.4 and T is polaroid by Theorem 2.8. Using [4, Theorem 2.2] that if T is polaroid, then Weyl's theorem holds for T if and only if T has SV EP at points of λ ∈ σ(T ) \ w(T ), we conclude that T satisfies Weyl's theorem. Next we show that Weyl's theorem holds for f (T ). Since T is isoloid, by [11, Lemma] we have σ(f (T ))\π 00 (f (T )) = f (σ(T )\π 00 (T )) = f (w(T )), where the last equality holds since T satisfies Weyl's theorem. Since T has SV EP , by [1, Corollary 2.6] we have f (w(T )) = w(f (T )), which implies that σ(f (T ))\π 00 (f (T )) = w(f (T )). Therefore, Weyl's theorem holds for f (T ).
Suppose that T * is an algebraically * -A(n) operator. We first show that Weyl's theorem holds for T . Since T * has SV EP and is polaroid, T is polaroid. T * has SV EP implies T * satisfies Browder's theorem, then T satisfies Browder's theorem. Therefore Weyl's theorem holds for T . Since T * has SV EP , by [1, Corollary 2.6] we have f (w(T )) = w(f (T )). Noticing that T is isoloid, by a similar argument as the above part, we obtain that Weyl's theorem holds for f (T ).
